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Abstract: The purpose of this paper is to explicitly characterize Ho, controllers for 4" order
single-input single-output (SISO) systems in terms of their coefficients considered as unknown
parameters. In the SISO case, computing H., controllers requires to find the real positive definite
solution of an algebraic Riccati equation (ARE). Due to the system parameters, no purely
numerical method can be used to find such a solution, and thus parametric H,, controllers.
Using elimination techniques for zero-dimensional polynomial systems, we first give a rational
parametrization of all the solutions of the ARE. Then, as the problem reduces to solving
polynomials of degree 4, closed-form solutions are obtained for all the solutions of this ARE by
using expressions by radicals. Using the concept of discriminant variety, we then show that the
maximal real root of one of these polynomials is encoded by two different closed-form expressions
depending on the values of the system parameters, which yields to different positive definite
solution of the ARE. The above results are then used to explicitly compute the Ho, criterion yops
and H., controllers in terms of the system parameters. Finally, we study in detail a particular
system: the two-mass-spring system with damping. Due to the low number of parameters, we
can plot the variations of 7,p¢ in function of the parameters, compute approximations of yopt
at a working point, and derive the expression of a weight function of the parameters to set yops
to a desired value.

Keywords: Robust control theory, parametric control, linear systems theory, algebraic systems
theory, symbolic computation, polynomial methods.

1. INTRODUCTION

In the last decades, robust control theory has played a
major role in automatic control by providing methods
which take into account uncertainties, model errors, per-
turbations, etc. in the design of the controllers. One of
these methods, called H, control, provides a natural com-
promise between the performance and the robustness to
perturbations and uncertainties of the closed-loop system.
In this article, we focus on the H., loop-shaping robust
control problem, which was firstly introduced in Glover
et al. (1989) and then further developed, for instance,
in Vinnicombe et al. (2001); Zhou et al. (1996). This
problem involves the resolution of an Algebraic Riccati
FEquation (ARE) and eigenvalues calculations, which are
both classically done numerically.

Another method consists in studying this problem in a
symbolic way, i.e., studying it for a class of systems de-
picted by some parameters (see Kanno et al. (2012, 2007);
Rance et al. (2016-a)). The goal is then to obtain para-
metric Ho, controllers for this class of systems. Given a
parametric controller for a system with unfixed parame-
ters, only numerical evaluations of these parameters are
then required to obtain an H,, controller for the system
with these fixed values of parameters. This property can
be interesting in the design of adaptive controllers since
such symbolic controllers could easy be embedded. Such
a method is also interesting in a design stage of a project
to quickly select a good architecture that can satisfy some
given specifications. Finally, this paper has also an infor-
mative vocation since no particular theoretical knowledge
is required to use the parametric controllers.



This paper focuses on finding symbolic H., controllers for
linear single-input single-output (SISO) systems of order
4 with unknown parameters. The method is based on
Rance et al. (2016-a), which provides a symbolic-numeric
method for the H,, design problem. The resolution of
the H., control problem is based on the computation of
the positive definite solution X of an ARE (Section 2).
Solving this ARE can be reduced to finding the roots of
a univariate polynomial P of order 4 (Section 3), which
roots can be found by radicals by means of Ferrari’s
formulas (see, e.g., Tignol (2002)). The study of the
discriminant variety of P gives a decomposition of the
space of parameters into cells above which the number
of real roots of P is constant (Lazard et al. (2007)).
Above each cell, we can identify the solution which is the
maximal real root of P, which yields to the positive definite
solution X of the ARE (Section 4). Moreover, given X,
the computation of the H, criterion vopt is reduced to
the search for the maximal real root of a characteristic
polynomial H of degree 4. Again, we can express the roots
of H by radicals and we can prove that the maximal real
root of H is defined by the same expression by radicals,
which directly yields vopt (Section 5) and thus closed-form
formulas of the H,, controllers.

Finally, Section 6 illustrates the above approach with
a standard Benchmark example, the two-mass-spring-
damper system, augmented with a static tuning parameter
w. For this system, 7.t admits the same closed-form
expression over the entire space of the parameters, except
at a singularity. Furthermore, we can approximate “yopt at
a working point by a Taylor expansion or a Puiseuzr ex-
pansion. By using a tuning parameter w, such expansions
allows us to ensure a value of 7,py at the given working
point. Identifying the physical parameters in real time,
we can compute a controller that ensures good stability
margins in the neighbourhood of the working point.

2. THE STANDARD H,,-CONTROL PROBLEM

In this paper, we shall consider 4" order single-input
single-output (SISO) finite-dimensional linear systems
(Figure 1) defined by their transfer function
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where a;, ¢; € Rfori =0,...,3. Wenotea := (ag, ..., as)
and ¢ := (co, ..., c3) the system parameters of (1). We also
consider its controllable canonical form defined by:
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Given a rational controller K i.e., an element in the field of
rational functions with real coefficients R(s), we consider
the closed-loop system defined in Figure 1, and we have

() = (s %) (i)

S :=(1+ G K) " being the sensitivity transfer function.
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Fig. 1. Control scheme
Let us consider the following standard control problem.

Robust Control Problem (RCP): Given v > 0, find a
controller K which stabilizes G (i.e., such that the rational
transfer functions S, K .S and G S are proper and stable)

and is such that:
S KS
(G S GK S) ®)

A controller K satisfying (3) ensures a compromise be-
tween the performance of the closed-loop system and
the robustness with respect to the perturbations u; and
ug. For more details, see Glover et al. (1989); Zhou
et al. (1996); Vinnicombe et al. (2001) and the references
therein. The following standard result gives a solution to
the RCP.

Theorem 1. (Glover et al., 1989, Cor. 5.1), (Zhou et al.,
1996, Ch. 18), Let (A, B,C) be an observable state-space
representation (2) of the transfer function G defined by
(1). Let X be the unique real positive definite solution of
the following ARE

<.

o0

R =XA+ATX -XBBTX+CTC=0.
Let @ = Q7 be an Hankel matrix defined by

(4)

Q;I =P = (P Py,
P =CY ay AT i=1,.4, (5)
=0

Let Y := QX@. Then, the minimal value of 7, denoted
Yopt, such that the RCP admits a solution is given by

Yopt = V 1+ )\max (YX)

where Apax is the greatest eigenvalue of Y X (which
one has only real positive eigenvalues). For v > 7op, &
controller K, satisfying the RCP is defined by

2=A,z+ Byes,
with the following notations:
Zyi=(I+Y X —4%1)"",
=A-BB'"X++*2,YCTC,
B,:=-—*7Z,YCT,
C,:=BTX.

Y2 = O’yzv

(6)

Remark 1. @Q is related to Kalman’s observability matrix
0 = (C,CA,CA%,CA%)" since we have:

A, :=det(0) = det(Q ™). (7)
Then, if the system is not observable, () cannot be com-
puted. For instance, this happens when a9 = ¢ = 0, i.e., s
can be factorized in both the numerator and denominator

of G. As a consequence, in what follows, we shall suppose
that (2) is observable. O



In this paper, for systems of order 4, we focus on the
explicit computation of 7,5t when the a;’s and c;’s are
unknown parameters and mot fixed numerical values. In
particular, numerical algorithms cannot be used here. The
method follows Algorithm 1 of Rance et al. (2016-a),
which combines symbolical and numerical computations
to solve the RCP. Since we consider systems of order 4,
this algorithm helps us to compute purely symbolic H,
controllers satisfying the RCP.

3. PARAMETRIZATION OF ALL THE COMPLEX
SOLUTIONS OF THE ARE Z =0

In order to compute a controller K satisfying the above
problem, we first have to solve (4). The entries of X,
solution of # = 0, are determined only by the by’s as
stated in Theorem 2 of Rance et al. (2016-a):

Tia= by —a; 0<9 <4,
1= bob; — (aga; +cocj), 1 <j <3,
T2 = by by —bobs + agaz + cocz — (a1 az +c1cz), (8)
w23 = b1 b3 — by +ag — (ar a3 + ¢ c3),
Z33 = babs — b1 — (azasz +cac3) + as,
where the by’s satisfy the polynomial system B
By :=bz—dy = 0,
By = b3 —2byby—dy = 0,
By i=b3 —2by by +2by — dy = 0,
Bs := b3 — 2by—ds = 0,
and the d;’s are defined by:
do := a3 +c3,
dy :=a? +c —2 (agas + coca),
dy:=a3+c2—2 (a1as+cye3) +2ag,
dg := a3 +c3 — 2ay.

We want to find closed-form solutions of B. From B3 = 0,
we first obtain

b= 5 (83— do), (10)
which, by substitution into By = 0, then yields:
by = (b3 —2dg b3 +8by +di —4dys) / (8b3).  (11)
Substituting (11) and (10) into By = 0, we get:
P(bs) == b§ — 4dg b5 + (6dg —8dy — 48by) b3
+4 (—di +4 (ds +2bg)ds — 16d2) b5 (12)

+(d2 —4dy+8b)”.
Hence, Z = 0 admits 16 complex solutions defined by
bo = £ /do,
by = (b5 —2dg b3 +8by +di —4ds) / (8b3),
by = (b5 — ds) /2,

where b3 satisfies the polynomial equation P(b3) = 0 of
degree 8 (see (12)).

(13)

4. POSITIVE DEFINITE SOLUTION OF #Z =0

Given P, we want to find the root which yields the positive
definite solution of #Z = 0. Kanno et al. (2009) shows that
X > 0 is obtained by choosing the maximal real root of P.
According to Proposition 5 of Rance et al. (2016-a), note

also that X > 0 satisfies by = v/dy. To express the roots
of P, we introduce the following notations:
€1:= *£1, g9 := =1
g:= (e1,€2),
b2 :=27 (4p3 +2743),
1
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The polynomial P is even. Finding its roots is equivalent
to finding the roots of the following univariate polynomial

Pt)=t'+pt? +qt+r, (15)

where t := b3 — dg. Since Pisa polynomial of degree 4,
its roots can be expressed by means of radicals (Ferrari’s
formula) as follows (see, e.g., Tignol (2002)):

ifq;éO:t(E):zg(El\/uig-i-EQ\/Aiz),

2
ifg=0:1t():= %51\/52 Vp?—4r—p.

The following notations will be used below to find the
maximal real root of P:

A73¢:7‘3+327“2+517"+ﬂ07

(16)

(17)
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Note that the r;’s are the roots of Ax(r), the discriminant
of P (see Tignol (2002)). We also note gg := y/—8p3/27.
The following proposition gives the maximal real root of
P depending on the value of the parameters.
Proposition 1. Suppose that 73, defined in (15), has at
least one real root, i.e. (2) is observable. Assuming g # 0,
t(1,1) (see (16)) is the greatest real root of P if and only if
(p,q,7) (see (14)) satisfies one of the following conditions
C1:={p<0, g€ [-q;0[, re€]—oo;rs]Ulrz; ml},
02 :{pS07 qSQO7 TSTI}a
C3:={p <0, g€ [~q; q] \{0}, 7 € [rs; r2]},
043:{1720, q<07 TST1}7
and t(1,—1) (see (16)) is the greatest real root of P if and
only if (p, g, ) satisfies one of the following conditions:
C5:={p<0,q€]0;ql, r€]—oo;rs]Ulrz;ml},
Co:={p<0,q9>q, r<r}, (20)
Cr={p>0,¢>0,r<r}.

Assuming ¢ = 0, ¢(1,1) is the maximal real root of P.

(19)



Proof. The proof is based on the concept of discriminant
variety (Lazard et al. (2007)). Given an open connected set
in the space of parameters which does not encounter the
discriminant variety of P, for any values of the parameters
in this set, P has a constant number of real roots. Over
the discriminant variety, some roots are crossing, i.e., 2
closed-form solutions can define the same maximal real
root. In this case, the discriminant variety of P equals its
discriminant A~ as P is monic. The reader is referred to

Rance et al. (2016-b) for a detailed proof.

Let & := {(-1,-1),(-1,1),(1,-1),(1,1)}. We note
tmax = max {t(e) | t(e) € R} the greatest real root of P.
€€

Then, we denote by o the maximal real root of P, i.e.,

0 = Vtmax + dg. Thus, we have:
Vi(1,1)+ds, (pyg,r) €Ciy1<i<4,
\/t(l, 71) + d6, (p,q,?”) c Ci, 5 <1<,
\/t(171)+d6, q=0.

where ¢ is defined in (16). The solution of (9) corresponding
to X > 0 is of the form:

bo = /do,
b — 04—2d602+8b0+d%—4d4
1 — Sco )

Then, (8) is used to obtain explicitly X > 0.

o =

o?—d
b2: 2 67

b3:0'.

5. COMPUTING ~yopt AND H,, CONTROLLERS

The Hankel matrix @ (see (5)) is of the form Q = A1 Q,
(see (7)), where @, is also an Hankel matrix. Given @,
we can compute Y := QX(@Q. Then, the characteristic
polynomial of Y X is of the form:

H(N, a,c) = X +us(a, c) NP +va(a, ¢) A2 4vi(a, ¢) Mvg(a, c).
where 1;’s are coefficients depending on a and c. Note that
Q. X, Y, A, and v;’s can all be computed in terms of a
and ¢ using a symbolic computing environment such as
Maple. Let us now introduce the following notations:

2
= — 12"’ )
e tley i P4 (13/ éto) ,
e:= (e1,€2) gro="2 (o - E2) - 1L
: 5 ) : 3 36 8 ’
fo = —2 V2 4 v, 04 := 27 (4p} +274})
1
1 1250 % - 3
n1 = §3— 2 3+V17 Oy 1= W) ) (21)

2 2
MO;—V3<I/2_3V3> 1( _3p4_ >
16 16 Ug = Qg — —— —H2 |,
1 3 Qg

1 V1 V3 + 1,

€1 M1
Ayi=— | ug+ po + .

4 4 T K2 Ts )
Since H is a polynomial of degree 4, we can obtain its roots
by radicals as explained, e.g., in Tignol (2002):

if,u1 750 )\(E) ::g (El\/174+€2 \/E) _%7

. V2
if up =0: Ae) := < e €o\/ 13 — 4 pig — pra-

Since Y X is the product of two positive definite matrices,
the roots of H are all real strictly positive. The following
proposition, which is a consequence of Proposition 1 in the
case where the polynomial under study as only real roots,
helps us to find which root is the greatest one.

(22)

Proposition 2. Given A(¢) as defined in (22), the expres-
sion by radicals of the maximal real root of H is

Amax (Y X) = max {A(e) | AM(e) e R} = A(1,1).

Then, Proposition 2 yields Apax = A(1,1). From the
expression of Apax, we deduce y,pt as follows:

Yopt = V 1+ )‘(17 1) (23)

Using the results of Section 4 giving X > 0 depending
on the parameters, and using (6) of Theorem 1, we can
deduce (sub)-optimal Hu, controllers K.

6. A STANDARD EXAMPLE: THE
TWO-MASS-SPRING-DAMPER SYSTEM

6.1 Problem under consideration

We illustrate the above approach with the model of a
two-mass-spring-damper system (see Figure 2) considered
in Wie et al. (1992); Vinnicombe et al. (2001); Alazard
et al. (1999). The latter system is a standard benchmark
in robust control theory.

XX X))

e1—™ my

Fig. 2. The two-mass-spring-damper system

Two masses m; and mso are linked by a spring of stiffness
k and a damper of magnitude f. With the notations of
Figure 2, we study the displacement y; of ms, while m; is
excited by a force e;. We consider the transfer function of
the physical plant from the input e; to the output yi:

azs—+a
&::P: 5 ;’ 2 , m:i=mq +mg >0,
el ms?(s2+azs+az)
my+mo)k mi+m
o= TATE o mma) f
my1 Mo miy me

As in (Vinnicombe et al., 2001, §2.6, §4), we consider a
static weight w as e; = wé; and define the fictive plant
by:
y @ZG:wP: U}2 as s+ ag .
€1 ms? (s?2 + az s+ as)
Given a robust controller K, stabilizing G, we get a
robust controller C, := w K, stabilizing P since K, G =
C, P. This controller C, only satisfies ||S||. < v and
|G Ky S|, < v (Vinnicombe et al., 2001, Cor. 5.1).
Note that the weight w modifies the norms ||K’, S||_ and
|G S|, but provides a degree of freedom that will be
used later on to fix y,pt to a desired value. Hence, using
the results previously developed, we focus on computing
an explicit controller stabilizing G.

(24)

In this example, the problem involves only 4 parameters
0= (a23 as, m, 'LU),

and the ds;’s are
w? a3 w? a?
do=—=2, do= —=>, dy = a3, dg = a3 — 2 25
0 m2 2 mz 0 44T 2 d6 = a3 az, (25)
which highly simplifies the computation of the solution
X >0 of Z = 0 and ~opt as shown in the next paragraph.



6.2 Solution of the RCP

This example implies a fewer number of parameters than
in the general previous context. As a consequence, and
using again the concept of discriminant variety (as in
Proposition 1), we show that the maximal real root of P
has the same closed-form expression over the entire space
of the parameters 6 (except at ¢ = 0):

o= t(1,1) + dg,
where ¢(1,1) is defined in (16), and yields X > 0. Using
(5), we compute the matrix @, and thus Y := Q X Q.
We then compute the characteristic polynomial H of Y X,
and write its roots as in (22). Then, using (23), we deduce
Yopt = v/ 1+ A(1,1), We note that vop; only depends on
the two variables G, and p defined as follows:

G

T - \/@.

m a9 ’
A plot of v,p¢ depending on G, and p is given in Figure 3.

(26)

Fig. 3. Plot of vyopt in function of G, and p.

Using Theorem 1, we can deduce a (sub-)optimal H
controller K., stabilizing G, which yields a (sub-)optimal
stabilizing controller C, := w K of the physical plant P.

6.3 Setting Yopt to a desired value

In the previous section, we have found an explicit formula
(23) of yopt depending on G, and p. In practice, engineers
want to ensure some performance and robustness prop-
erties for a given configuration. Vinnicombe et al. (2001)
provides a link between v > ~opt(Gr, p) and guaranteed
gain and phase margins g and dg:

1+~71
Aa(G, Ky) 2 36() = 1 5
Ao(G, K,) > 6a(7) :=2arcsin (y '),
where Ag (resp. Ag) represents the gain (resp. phase)
margin of the open-loop. In practice, a good value for
Yopt (G, p) is 3, which ensures good stability margins (i.e.,
Ag > 6dB, Ag > 39°). Then, in this section, we study
how to set w to ensure Yopt(Gr, p) = Yopt, Where:

ﬁopt = 3.

(27)

In this perspective, we study the algebraic variety defined
by the polynomial expression of 7., in terms of the
parameters G,. and p.

Study of the algebraic varieties L and L. In order to
compute Yopt, we have to choose Ayax the maximal real A
satisfying H(\, o) = 0, while o is the maximal real root of
P in b3. The following system

P(bs,0) =0,
H(\, bz, 0) = 0,

parametrizes all the eigenvalues of all the possibles ma-
trices YX = QXQX, where X is a solution of #Z = 0.
As only M is of interest here (because it directly leads to
Yopt = v/ 1+ A(1,1)), instead of (28), we can consider the
projection of (28) onto the variable A:

L(),0) = 0.

To compute the polynomial £, we have to eliminate bg
from (28) by computing, for instance, the resultant of H
and P for the variable b3 (see, e.g., Chapter 3 of Cox et al.
(2005)). The polynomial £ contains A = A\yax as well as the
other A which correspond to non positive definite matrices
(i.e., non real maximal b3), or to non maximal real .

(28)

Since P is of degree 8 in b3 and H is of degree 4 in A,
L is of degree 32 in A. Thus, £ is too long to be printed
here. We can also find again that £(), ) only depends on
the two parameters G, and p defined in (26). With these
changes of variable, we obtain:

L(\,Gr,p) =0
A plot of L for p € {0, 1/100, 1/10} is given in Figure 4.

—c=
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Fig. 4. L(\,G,,p) =0 for p € {0, 1/100, 1/10}

Rouillier et al. (2016) shows an animated drawing of L
where p varies from 0 to 3/4. Since we are only interested
in values of (G, p) yielding t0 Yopt = Jopt, 1-€., t0 Amax =
Amax Where

)\max = f_ygpt —-1= 87

we define L(G,,p) := L(Amax, Gr, p). Figure 5 represents
L = 0, which consists in a series of branches. On each
branch, an eigenvalue of all the possible matrices Y X
is equal to Amax. Thus, we have to identify the one
corresponding to A(1,1)(Gy, p) = Amax in all of them. This
task can be done by computing the discriminant variety
(see proof of Proposition 1) of L, which encodes all the
critical points of L and splits the space {G,, p} into cells
above which the roots of L in p are not crossing. Picking a
point in each cell, we identify the curve corresponding to
A1, 1)(Gr, p) = Amax as the green one in Figure 5.



Approaching L L(G,, p) = 0 is not solvable explicitly in
p. However, approaching this curve around a working point
(using a Taylor or Puiseux expansion for example), we can
get an explicit formula of G, depending on p, which asso-
ciated curve coincides with L(G,., p) in the neighbourhood
of the working point. For example, a Puiseux expansion of
order 3 around p := 1, gives (red curve in Figure 5):

Gyr(p) :=10.033 (p— 1.0)> +0.11 p+ 0.13
Then, we set the tuning parameter w as follows:
w=1%W:=may G\T(p).
Using this w, we ensure that v, is close to Y,p¢ around our
working point. Noting v := v/A + 1, we can verify the value
of Yopt by plotting L(v2—1,G,.(p), p) = 0 (Figure 6). Then,
given p around p, we can compute %pt(@r(p), p) using

~

(23), choose v > Yopt (Gr(p), p) and obtain an auto-tuned
controller C,(0) = K,(0)/w stabilizing P and ensuring

Vopt(GT (p)7 p) close to ’70pt~

L0 L(Gn.py=0

Yopt (Gr.p) = Yopt

0.94

Fig. 5. Blue: L(G,., p) = 0 — Green: branch corresponding
t0 Yopt (G, p) — Red: G, = G (p).

4

L(y* = 1,6.(p),p) =0

Vapt(Grrp)

Lol

Fig. 6. Blue: L(y? — L@T(p),p) = 0 — Green: branch

~

corresponding to Yopt (G (p), p) — Red: Expected Yop.
7. CONCLUSION

In this article, we gave explicit H,, controllers for SISO
systems of order 4. We also gave a closed-form expression
of Yopt, the Hy criterion satisfied by the closed-loop. By
introducing a tuning parameter w and approximating Yopt
around a working point, we showed how to set yop to a
desired value. With on-line identification of the physical

parameters, we obtain an adaptive controller that ensures
good stability margins for any values of the parameters in
the neighbourhood of the working point.

To avoid the use of the complicated closed-form expression
of vYopt in real time, we must ensure that the real vopt
must not exceed the expected Jopy (to avoid creating
destabilizing controllers). Therefore, future work will focus
on the study of the variations of 7,p¢ depending on the
parameters, or other ways to ensure 7opt > Jopt. Future
work will also consider the estimation of the degradation
of stability margins and problems brought by uncertain
estimations of the parameters.
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