The Cost of Learning Directed Cuts
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Abstract. In this paper we investigate the problem of classifying vertices of a directed graph according to an unknown directed cut. We ﬁrst
consider the usual setting in which the directed cut is ﬁxed. However,
even in this setting learning is not possible without in the worst case
needing the labels for the whole vertex set. By considering the size of
the minimum path cover as a ﬁxed parameter, we derive positive learnability results with tight performance guarantees for active, online, as
well as PAC learning. The advantage of this parameter over possible alternatives is that it allows for an a priori estimation of the total cost
of labelling all vertices. The main result of this paper is the analysis of
learning directed cuts that depend on a hidden and changing context.

1

Introduction

Classifying vertices in directed graphs is an important machine learning setting
with many applications. In this paper we consider learning problems on directed
graphs with three characteristic properties: (i) The target concept deﬁnes a
directed cut; (ii) the total cost of ﬁnding the cut has to be bounded before any
labels are observed to asses whether it will exceed some given budget; and (iii)
the target concept may change due to a hidden context.
For one example consider the problem of ﬁnding the source of contamination
in waste water systems where the pipes are the edges of the digraph and the
direction is given by the direction of the water ﬂow. Often uncontaminated
waste water can be used to fertilise ﬁelds and it is important to ﬁnd the cause
of contamination as quickly as possible. As each test costs time and money, we
aim at a strategy that needs the least number of tests. The pipes connecting
uncontaminated water with contaminated water form a directed cut.
For another example consider classifying intermediate products in some process, e.g., for manufacturing cars, as faulty or correct. The process can be represented by a directed graph and the concept deﬁnes a directed cut as typically
faults that appear in an intermediate product will also be present in later stages
of the product. The directed cut we are interested in consists of all edges connecting correct to faulty intermediate products. Furthermore, the concept may
depend on a hidden variable as some pre-assembled parts may vary and the fault
may occur only for some charges and not for others. In order to be able to trade
oﬀ between the cost of having a faulty product and the costs for ﬁnding the
cause of the fault, tight performance guarantees are needed.
J.N. Kok et al. (Eds.): ECML 2007, LNAI 4701, pp. 152–163, 2007.
c Springer-Verlag Berlin Heidelberg 2007
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Performance guarantees proposed in machine learning literature can be distinguished into concept-dependent and concept-independent. Concept-dependent
guarantees state that the performance of the learning algorithm depends on
the unknown target concept’s complexity. Concept-independent guarantees state
that the performance of the learning algorithm depends on the instance space’s
complexity, or in a transductive setting on the given training and test sets. For
real-world applications, one often faces the question whether the costs of labelling
a whole dataset exceeds a given budget or not. In this case, concept-independent,
transductive, bounds are to be preferred over concept-dependent guarantees.
Our ﬁrst result is that for learning directed cuts we can achieve tight, conceptindependent guarantees. Based on a ﬁxed size of the minimum path cover, we
establish logarithmic performance guarantees for online learning, active learning,
and PAC learning. We furthermore show which algorithms and results carry over
to learning intersections of monotone with anti-monotone concepts.
We then turn to the more complex setting of learning with a hidden context,
i.e., the unknown concept depends on an unobservable variable that can change
any time. In order to enable query learning algorithms to identify one of the
true concepts, the usual query model is not suﬃcient. We hence propose a novel
type of queries and give learning algorithms able to cope with concept drift due
to hidden changes in the context. In particular, it is necessary (and suﬃcient)
that the learning algorithm can query three diﬀerent vertices at a time where it
is ensured that the answers will be provided on the basis of the same concept.
Worst case guarantees in this setting are related to adverserial learning.
The main purpose of this paper is to summarise our ﬁndings on the application
of the size of the minimum pathcover as a concept-independent, transductive
learning parameter for learning directed cuts with and without changing context.
Due to space limitations we only sketch proofs.

2
2.1

Preliminaries
Directed Graphs

For any k ∈ N we denote {1, . . . , k} by [[k]] and the Boolean values ‘true , ‘f alse
by , ⊥, respectively with Ω = {, ⊥}.
A directed graph (digraph) is a pair (V, E) where V is the set of vertices and
E ⊆ V 2 is the set of edges. For a digraph G we will sometimes denote its vertices
by V (G) and its edges by E(G). The induced subgraph of G = (V, E) by a subset
of vertices U ⊆ V is the digraph G[U ] = (U, E[U ]) where E[U ] = E ∩ U 2 . A
subgraph of G is any digraph G = (V  , E  ) with V  ⊆ V (G) and E  ⊆ E[V  ].
For a digraph (V, E) and two sets U, U  ⊆ V we deﬁne E(U, U  ) = {(u, u ) ∈
E | u ∈ U \ U  ∧ u ∈ U  \ U }. The children of U in a digraph (V, E) are
then expressed as δ + (U ) = {v ∈ V | (u, v) ∈ E(U, V \ U )} and its parents as
δ − (U ) = {v ∈ V | (v, u) ∈ E(V \ U, U ). The contraction of a set of vertices
U ⊆ V on a digraph G = (V, E) is the digraph ({u} ∪ V \ U, E[V \ U ] ∪ ({u} ×
E(U, V \ U )) ∪ (E(V \ U, U ) × {u})), i.e., a new digraph which has U replaced
by a single vertex u ∈ V .
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A walk in a directed graph G is a sequence p1 . . . pi . . . pn of vertices of G such
that ∀i ∈ [[n − 1]] : (pi , pi+1 ) ∈ E and |p| = n is the length of the walk p. We
denote the (possibly inﬁnite) set of walks in G by P(G) and deﬁne the binary
relations ≤G , ≥G such that u ≥G v ⇔ v ≤G u ⇔ ∃p ∈ P(G) : p1 = u ∧ p|p| = v.
Whenever G is clear from the context it will be omitted. For any directed graph,
these relations form a preorder on the vertex set. For any preorder ≤ and vertex
set U ⊆ V (G) we will use min U = {u ∈ U | v ∈ U \ {u} : v ≤ u} and similarly
max U = {u ∈ U | v ∈ U \ {u} : u ≤ v}. A digraph G is strongly connected
iﬀ ∀u, v ∈ V (G) : u ≥ v ∧ v ≥ u. A strongly connected component of a graph is
a maximal strongly connected induced subgraph. A directed graph G is acyclic
or a DAG iﬀ it does not have a strongly connected component. On a directed
acyclic graph the relations ≤G , ≥G form a partial order on the vertex set. A
walk on a directed acyclic graph is called a path or a chain. A set of vertices
U ⊆ V (G) is an antichain if ∀u, v ∈ U : u ≥ v ∨ v ≥ u ⇒ u = v.
2.2

Learning Directed Cuts

Classiﬁcation on graphs involves identifying a subset of the vertices, say C ⊆ V .
We investigate identifying directed cuts. Formally, a set C deﬁnes a directed cut
E(C, V \ C) in a digraph if and only if E(V \ C, C) = ∅ (see, e.g., [1]). Due
to the bijection between sets C deﬁning directed cuts and the set of cut edges
E(C, V \C) we will us the term directed cut to refer to C as well as to E(C, V \C).
In the partially contaminated water system example, the uncontaminated water
deﬁnes a directed cut corresponding to the set of pipes connecting contaminated
to uncontaminated water.
In terms of the partial order ≥ induced by the digraph (V, E), a directed cut
can then be seen as a set of vertices U ⊂ V such that u ∈ U, v ∈ V \ U : v ≥
u. Furthermore, identifying a directed cut can be seen as learning a labelling
function y : V → Ω where ∀(u, v) ∈ E : y(v) ⇒ y(u). We call such a labelling
a monotone concept on a digraph or consistent with the directed graph in the
sense that the preorder of the vertices is respected by the labelling. A monotone
concept y corresponds to the directed cut Cy = {v ∈ V | y(v)} which we will
sometimes call the extension of y and E ∩(Cy × V \ Cy ) will be called the concept
cut. The elements of the concept cut will be referred to as cut edges.
Without loss of generality it is suﬃcient to consider learning on DAGs. Any
result for DAGs (deﬁning a partial order) directly carries over to general digraphs
(deﬁning a preorder). This holds as directed cuts can never “cut” a strongly connected component. Learning on a general digraph is hence equivalent to learning
on a digraph that has all strongly connected components contracted. Also, without loss of generality we can always add a ‘super-source’ and a ‘super-sink’ such
that the new graph has a unique minimum and maximum.
2.3

The Cost of Learning

We consider the following question: Given an oracle that can provide us with
hints about the ﬁxed but unknown concept to be learned and some cost for each
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hint, what is the worst case total cost needed to induce a satisfactory hypothesis?
This question is important, for instance, when only a given budget is available for
the task of ﬁnding a satisfactory hypothesis. Diﬀerent concrete learning settings
considered in literature are distinguished by the type of the hints given by the
oracle, the cost function, and the deﬁnition of satisfactory hypotheses.
For active learning the oracle supplies the learning algorithm with the true
label of any instance selected by the learning algorithm. Each hint, i.e., answer
to a query, has a ﬁxed cost and the hypothesis is satisfactory iﬀ it is equal to the
concept. Calls to the labelling oracle are called membership queries. For online
learning the oracle selects an instance, makes the learning algorithm guess its
label and then supplies the learning algorithm with the true label. Each wrong
guess has a ﬁxed cost and the hypothesis is satisfactory iﬀ it is equal to the
concept. The maximum total cost is the worst case missclassiﬁcation bound.
For PAC learning the oracle supplies the learning algorithm with a labelled
instance drawn according to a ﬁxed but unknown distribution. Each example
has a ﬁxed cost and a hypothesis is satisfactory iﬀ it can be guaranteed that its
error for examples drawn from the same distribution is smaller than some  with
probability larger than 1 − δ for some δ. The total cost is the sample complexity.
As we are considering a transductive setting, i.e., the whole vertex set (without
any labels) is input to the learning algorithm, we are interested in achieving costs
logarithmic in the size of the graph. Hence, we consider a concept not learnable
on a digraph in one of the above settings if we can not achieve polylogarithmic
cost bounds. It can be seen that the general problem of identifying a directed cut
is not learnable in any of the above settings. Consider the DAG ([[n + 2]], ({n +
1} × [[n]]) ∪ ([[n]] × {n + 2})). Given y(n + 1) ∧ ¬y(n + 2), and any information
about the vertices [[n]]\{u} for some u ∈ [[n]], we can not infer the label of u. This
implies that—in the worst case—it is impossible to identify the correct directed
cut without costs in the order of the size of the graph.
2.4

Fixed Parameter Learnability

As directed cuts are in general not learnable, it is important to identify tractable
subclasses. Performance parameters proposed in machine learning literature can
be distinguished into concept-dependent and concept-independent parameters.
Concept-dependent parameters deﬁne subclasses of the concept class. Conceptindependent parameters deﬁne subclasses of the instance space. An example
of the ﬁrst case is the VC dimension of k-term monotone DNF formulae; an
example of the latter case is the VC dimension of monotone Boolean formulae
over n variables. Concept-independent parameters may be further distinguished
into transductive ones and inductive ones.
The related setting of identifying a cut in an undirected graph (see e.g. [2]
for a derivation of the VC dimension of small cuts) has been found to be ﬁxed
parameter learnable where the parameter is the size of the concept cut, i.e., the
number of edges between diﬀerently labelled vertices. Although we can show
that directed cuts are also ﬁxed parameter learnable if the size of the directed
concept cut is considered as the parameter, the dependency of the total cost on
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Table 1. Total cost of learning monotone concepts as well as intersections of monotone
and anti-monotone concepts in a DAG (V, E) for various cost models and ﬁxed size of
the minimum path cover Q∗ . A ‘=’ indicates an exact result for all directed graphs,
‘≤’ (‘≥’) indicate tight upper (lower) bounds.
Monotone Concepts
Active query bound
Online mistake bound

≤ |Q | log |V |

= |V |

∗

∗

≤ |Q | + 2|Q∗ | log |V |

≤ |Q | log |V |

VC dimension
PAC sample complexity

Intersections

∗

≤



= |Q∗ |
|Q∗ |


ln

|Q∗ |
δ



≤ 2|Q∗ |; ≥ |Q∗ |
 ∗

∗
≤ 2|Q | ln 2|Qδ |

a parameter of the concept is often not desireable. In particular in cases where
we want or need to estimate the total cost of learning the cut a priori, conceptdependent parameters such as the size of the concept cut are not suﬃcient.
In this paper we concentrate on learning monotone concepts on DAGs for
which the size of the minimum path cover of the vertices is bounded. This parameter is concept-independent and transductive. Hence, opposed to the size of
the concept cut, it can be used to a priori estimate the total cost of classiﬁcation.

3

Learning with Fixed Minimum Path Cover Size

Table 1 summarises the results that can be obtained when the size of the minimum path cover Q∗ of the DAG is ﬁxed. In all but one of the considered learning
settings, monotone concepts (directed cuts) as well as the intersection of monotone and anti-monotone concepts are ﬁxed-parameter learnable, i.e., the total
cost of learning is O(|Q∗ | log |V |). The remainder of this section ﬁrst introduces
path covers and then describes the performance guarantees in more details.
3.1

Path Covers of DAGs

A path cover
 of U ⊆ V in a DAG G = (V, E) is a set Q ⊆ P(G) of paths such
that U = p∈Q V (p). The algorithms we present later and/or their analysis rely
on a minimum path cover of V (G). We refer to an arbitrary minimum path cover
as Q∗ and assume wlog that Q∗ contains only maximal paths and hence that
each path starts at the source (labelled ) and ends at the sink (labelled ⊥).
The size of the minimum path cover is upper bounded by the maximum dicut
which is hard to ﬁnd. In contrast to the concept cut it is not lower bounded by
the minimum dicut and can be computed in polynomial time (see, e.g., [3] for
algorithms) from the graph without knowing the concept. It can indeed be much
smaller than the concept cut.In fact, while the concept cut size is lower bounded
by the minimum dicut, the minimum path cover can even be smaller than the
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minimum dicut. Last but not least, the minimum path cover has the intuitive
property that learning gets the easier the more edges we observe. Note that this
is not the case when using the size of the concept cut.
3.2

Learning Monotone Concepts

To see that the results of Table 1 are tight when learning directed cuts (i.e.
monotone concepts), consider the digraph ([[n+2]], ({n+1}×[[n]])∪([[n]]×{n+2})).
Given y(n + 1) ∧ ¬y(n + 2), and any information about the labels of the vertices
[[n]] \ {u} for some u ∈ [[n]], we can not infer the label of u.
The algorithms for active and online learning perform binary search on each
path in the path cover independently. For active learning this means always
querying the vertex furthest from the nearest vertex with known or inferred label
in the path, i.e., the vertex half way between the smallest known positive and
the largest known negative of the path. With each query we can then learn the
label of at least half of the remaining vertices. For online learning binary search
means always predicting according to the closest vertex in the path. With each
mistake we can deduce the label of at least half of the remaining vertices.
That the VC dimension is smaller than the size of the minimum path cover
follows by induction over the path cover size and two observations: Firstly, on
each path, monotone concepts can only shatter one vertex. Secondly, introducing
more edges can not allow us to shatter more vertices. That the VC dimension is
equal to the size of the minimum path cover follows then by Dilworth’s theorem
[4]. This theorem relates the size of the minimum path cover to the size of the
largest antichain. Observing that each antichain can be shattered by monotone
concepts gives the desired result. As eﬃciently ﬁnding a consistent hypothesis
is trivial, directed cuts can be eﬃciently PAC learned. A direct proof of the
sample complexity is very similar to the proof for axis-aligned rectangles and
will be included in an extended version of the paper.
Notice that learning directed cuts generalises learning of monotone Boolean
formulae by considering each Boolean instance as a vertex of a directed hyper[[n]]
cube, i.e.,
 nthe digraph (2 , {(U, U ∪ {v}) | U ⊆ [[n]] ∧ v ∈ U }). An antichain
of size n/2 in this graph is found as {U ⊆ V | |U | = n/2} and that this
is indeed the largest anti-chain follows from Sperner’s theorem [5]. This VC dimension is exactly the one obtained (without path covers) in [6]. However, for
data that is only a subset of the hypercube, our transductive guarantee can be
(much) better. For instance, it can be seen that the size of the minimum path
cover of a set of Boolean instances does not change when redundant attributes
are introduced. Most other results on learning of monotone Boolean formulae
consider particular sets of functions with restricted complexity, e.g. the size of
the smallest decision tree representing the concept [7]. As complexity is a concept
dependent parameter, we can not use it to estimate classiﬁcation costs a priori.
Our results are complementary to these bounds, as depending on the concept
class and the training and test instances, one or the other bound is tighter.
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Learning Intersections of (Anti-) Monotone Concepts

on a digraph (V, E) and constants
Given some functions yi : V → Ω monotone

bi ∈ Ω we call the concept y∩ (v) = i bi xor yi (v) an intersection of monotone
and anti-monotone concepts on G. The total cost of learning such concepts is
summarised in the second column of Table 1.
To see that active learning is not possible in this setting, consider any ordering
i1 , . . . i|V | in which an algorithms queries the vertices of any digraph. As the
intersection concept class contains the empty set as well as any singleton vertex,
given y(i1 ), . . . y(i|V |−1 ) = ⊥ we can not conclude the label of i|V | .
For online learning, on the other hand, a small modiﬁcation of the above
described algorithm for learning directed cuts suﬃces to obtain a mistake bound
logarithmic in the number of vertices: As long as we have not observed any label
on a path, we predict ⊥. As soon as we make the ﬁrst mistake on a path, we
split the problem in two subproblems, each equivalent to learning a directed cut.
The proof of the VC dimension being upper bounded by twice the size of
the minimum path cover follows along the lines of the proof of the monotone
case. However, we now only have a bound, not an exact result. To see that there
are graphs for which the VC dimension of intersections of monotone and antimonotone concepts is smaller than twice the size of the minimum path cover,
consider the graph ([4], {(1, 2), (2, 4), (1, 3), (3, 4)}). This graph has an antichain
of size two and hence no smaller path cover. However, we can not shatter all
four vertices as we can never achieve that y(1) = y(4) =  = ¬y(2) = ¬y(3).
The precise VC dimension depends in this case on the maximum U ⊆ [V ]2 with
∀U, U  ∈ U, u ∈ U, u ∈ U  : u ≤ u ∨ u ≤ u ⇒ U = U  .

4

Learning Despite Changing Concepts

In many real world learning problems the target concept may change depending on a hidden context such as unobservable variations in the environment.
For instance, consider again the directed graph representing the assembly of a
product from subparts. Learning a directed cut corresponds in this example to
ﬁnding those stages of the process that introduced faults. Indeed, whether a fault
is introduced at some stage or not, may depend on an unknown property, like
variations in basic parts. Hence, the fault may occur only sometimes, depending
on this hidden context. In order to be able to trade oﬀ between the cost of having a faulty product and the costs needed to ﬁnd the cause of the fault, tight
performance guarantees for learning with hidden contexts are needed.
For that, we consider a variant of active learning where the target concept
yb : V → Ω also depends on a hidden context b that may change at any time.
We can view this as having diﬀerent monotone concepts Cb for each value of b
and the oracle chooses a b for each query. For simplicity we restrict ourselves to
Boolean contexts b ∈ Ω. The aim of the learning algorithm is to discover either
of the true concepts, C or C⊥ , despite the changing concepts.
To obtain worst case bounds for this setting, we consider the oracle as an
adversarial ‘evil’ oracle that chooses the hidden context to maximise the cost of
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learning either of the directed cuts. Although the context does not need to be
(and often will not be) a function of the query, to prove negative results it will be
useful to sometimes view it in this way. Key roles in the analysis of the learning
algorithms will be played by the edges connecting vertices with diﬀerent labels
in one of the concepts, the cut edges, as well as by the elements of the symmetric
diﬀerence of the two true concepts, the distinction points C C⊥ (the elements
in either of the concepts but not in both).
Similar to the settings without a hidden context, a setting will be called
learnable if there is a learning algorithm that can be guaranteed to identify one
of the true concepts while asking only a number of queries (poly-) logarithmic
in the number of vertices. However, we will now also encounter settings in which
we can not ﬁnd a true concept even by querying all vertices.
In the remainder we will show that traditional membership queries are not
suﬃcient to learn directed cuts when a hidden context is present. One way to
enable learning is to allow the algorithm to ask for the label of multiple vertices
at the same time, which the oracle is then forced to answer according to the
same concept. We will call these “m-ary” queries, where m ∈ N is the number
of vertices that can be queried at once and will be answered from the same
concept, i.e., during one m-ary query the context does not to change. We use
the notation ·m : V m → Ω m for m-ary queries. We will show that 2-ary queries
are only slightly more powerful than 1-ary queries and that in general directed
cuts with a hidden context are not learnable with 2-ary queries. However, we
will also describe an algorithm that is able to correctly identify one of the true
concepts with logarithmically (in the size of the graph) many 3-ary queries.
4.1

1-Ary Membership Queries

With traditional membership queries, directed cuts with hidden context are not
learnable even if the size of the minimum path cover is ﬁxed. We distinguish two
cases depending on the size of the symmetric diﬀerence C⊥ C of the concepts.
Consider ﬁrst the case |C⊥ C | ≥ 2. Here, we can ﬁnd an adversarial context
such that any learning algorithm can discover neither of the two true concepts.
Let v ∈ max C⊥ C where the maximum is taken with respect to the partial
order induced by the DAG and assume without loss of generality that v ∈ C .
Then, any vertex before v in the partial order (an ancestor) belongs to both C
and C⊥ . Hence, the set S = C⊥ ∪ {v} is monotone. The oracle can pretend to
answer from S by choosing C⊥ for all queries u with u = v and choosing C
only if u = v. Observing these answers from the oracle, the learning algorithm
can not guess either of the true concepts.
In fact, even in the extreme case with the symmetric diﬀerence |C⊥ C | ≤ 1,
directed cuts are not learnable: The answers of the oracle can not be distinguished from the above case without knowing |C⊥ C | ≤ 1.
For an illustrative example consider the path ([[4]], {(1, 2), (2, 3), (3, 4)}) with
the concepts C⊥ = [[1]] and C = [[3]]. If the query u ∈ [[2]], the oracle answers
according to C , otherwise according to C⊥ . Then, no matter the queries, the
learning algorithm will only observe the ‘fake’ concept [[2]]. Now, consider the
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concepts C⊥ = [[1]] and C = [[2]]. Even if the oracle answers consistently according to C , the learning algorithm has no means of distinguishing this case
from the previous one. Even more surprisingly, also in the seemingly trivial case
C = C⊥ = [[2]], we have no means to distinguish the answers of the oracle from
the answers in the previous case.
4.2

2-Ary Membership Queries

We consider now 2-ary membership queries, i.e., the learning algorithm can ask
for the label of two vertices simultaneously and the answers will be given from
the same concept. After each 2-ary query, the context may change. We denote
2-ary queries of vertices v and v  by v, v  2 .
As one would expect, 2-ary queries are more powerful than traditional (1-ary)
queries. For an example where this holds, consider a single path ([[n]], {(i, i + 1) |
i ∈ [[n − 1]]}) and coinciding concepts C = C⊥ = [[c]] for some 1 < c < n. In
this case we can ﬁnd out whether [[i]] is a true concept or not by simply querying
the vertices i, i + 12 in one 2-ary query. If the answer is i, i + 12 = (, ⊥) we
have found a true concept (i = c) otherwise not. As we assumed C = C⊥ we
can ﬁnd this cut edge with logarithmically many queries.
However, already the simple setting of a single path with symmetric diﬀerence
|C C⊥ | ≥ 1 is not learnable with 2-ary queries. In this case, no matter which
queries the learning algorithm asks, the oracle can always answer such that it
only reveals a distinction point (an element of the symmetric diﬀerence) and
‘hides’ the concept cut. In fact, a naive learning algorithm that queries all pairs
of vertices connected by an edge suﬃces to ﬁnd at least one distinction point. If
the oracle would try not to reveal a distinction point, it would need to answer
one 2-ary query of adjacent vertices by , ⊥ and it would hence reveal us one
true concept, which it will—of course—avoid.
If we ﬁnd a distinction point we can query the pair of vertices adjacent to the
distinction point, say u, v. Through the answer we can either identify another
distinction point or we can be sure that one of the two concepts has a cut
bettween u and v. We can repeat this procedure, now querying the vertices
adjacent to the distinction area, until we ﬁnd no further distinction point. Then,
we can be sure that the distinction area is adjacent to a cut edge, however, we
cannot be sure which side of the distinction area is adjacent to the cut.
Consider the illustrative example ([[3]], {(1, 2), (2, 3)}). We will show that even
when asking the full set of possible query combinations, the corresponding answers can be such that deducing one of the true concepts is not possible. Suppose
now, all possible 2-ary queries are answered as follows: 1, 22 = (, ); 2, 32 =
(⊥, ⊥); 1, 32 = (, ⊥). The learning algorithm knows from these answers that:
First, vertex 2 belongs to the symmetric diﬀerence of the two true concepts, i.e.
2 ∈ C C⊥ ; second, there is one of the true concepts that contains vertices 1, 2;
and third, there is one of the true concepts that does not contain vertices 2, 3.
Yet this information does not allow the learning algorithm to certainly identify a
true concept. It might be that: (i) C = [[1]], C⊥ = [[2]]; (ii) C = [[1]], C⊥ = [[3]];
and (iii) C = ∅, C⊥ = [[2]]. For each possibility, there is a context such that the
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oracle will produce the above mentioned set of answers. Hence, the learning algorithm has no means to distinguish these possibilities. Notice that in this case
knowing |C C⊥ | = 1 would help us identify both true concepts while even
knowing |C C⊥ | = 2 would not be suﬃcient to surely identify one concept.
4.3

3-Ary Membership Queries

In this section, we consider 3-ary membership queries. We give an algorithm
that is guaranteed to ﬁnd one of the true concepts for any DAG and any pair
of concepts with at most |Q∗ |2 + 2|Q∗ | log |V | many 3-ary membership queries.
The learning algorithm can be summarised in three steps:
1. Find an edge that corresponds to a cut edge in one of the true concepts on
each path in the path cover or ﬁnd a distinction point (≤ |Q∗ | log |V |).
2. Check that the cut edges (from step 1) on each path belong to the same true
concept or ﬁnd a distinction point (≤ |Q∗ |2 ).
3. Given a distinction point, ﬁnd any of the two concepts (≤ 2|Q∗ | log |V |).
Note that the main diﬀerence between 3-ary queries and 2-ary ones is that as
soon as we have a distinction point, we can use it to perform a coordinated
binary search in both true concepts at the same time.
Step one (ﬁnding a cut edge or a distinction point) could in principle proceed
as described above for 2-ary membership queries, however, with 3-ary queries we
can ﬁnd the cut or a distinction point on each path p in log |V | many queries:
We repeatedly perform binary search by querying the smallest known positive
on p, the largest known negative on p as well as the vertex half way between
them. As long as we do not get a distinction point on a path, we assume all
answers of the oracle correspond to the same concept. Notice that even if the
oracle changed the concept but the answers stay consistent with those received
so far, the strategy of the learning algorithm needs no change. Unless we get a
distinction point, we can reduce the number of vertices on this path for which we
do not know any label by half. Hence, after log |V | many queries we will either
get a distinction point or a cut edge. If we do not have a distinction point yet,
we proceed with the same procedure on the next path.
Step two (ﬁnding a distinction point ) needs to check wether the individual
cut edges that we found in step one for each path, correspond all to the same
concept. If this is the case then we are done, otherwise we ﬁnd a distinction
point. This can be achieved with |Q∗ |2 many queries as follows: For a pair of
paths p, q ∈ Q∗ denote the corresponding cut edges found in step one by (up , vp )
and (uq , vq ), respectively. The learning algorithm can ﬁnd out if there is one
true concept which both edges correspond to, by asking only two 3-ary queries
up , vp , uq 3 and up , vp , vq 3 . If the oracle answers consistently with its previous
answers then such a true concept exists. If the oracle deviates from its previous
answers, we have found a distinction point. We proceed with the next pair of
paths until we get a distinction point or have checked that there is a concept in
which all edges found in step one are correct cut edges.
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Step three (ﬁnding a concept given a distinction point ) is the simplest of the
three steps and will be performed after in step one or two the learning algorithm
found a distinction point. It proceeds simply by performing a binary search on
each path in the path cover for both concepts at the same time. The 3-ary
query will always include the distinction point as one of the queries, and the two
remaining ones will be used for the binary search. After at most 2|Q∗ | log |V |
many queries (in fact we may subtract the number of queries made in step one)
we can be sure to have found one of the two concepts.

5

Related Work

Recently, the use of cuts in learning on graphs is becoming more and more
popular. Usually motivated by the ‘cluster assumption’ [8] one tries to ﬁnd a
small cut separating positive labeled vertices from negative labeled ones. for
instance, work in [9] extends an earlier approach based on ﬁnding the minimum
cuts in a graph by adding randomness to the graph structure. In [2] it is shown
that the VC dimension of small cuts is bounded by the size of the cut. The
disadvantage of these approaches is that the performance depends on a property
of the concept and not on an eﬃciently computable property of the graph like
the minimum path cover. Furthermore, in the kind of applications we mentioned
in the introduction, it is questionable whether the concept cut is indeed small.
It is also possible to derive concept-dependent results for learning directed
cuts. We show this here for active learning: As long as there is a walk from
source to sink, choose the shortest such walk and perform binary search on this
path. As soon as a concept cut edge is found, remove it and iterate. At least every
log |V | iterations a concept cut edge is removed and the algorithm terminates
with the corret cut after as many iterations as there are edges in the cut.
Learning directed cuts is also closely related to learning monotone Boolean formulae as these can be modelled by directed cuts on the directed hypercube. Most
performance guarantees for learning monotone Boolean formulae are conceptdependent. We showed that our results imply concept-independent and transductive performance guarantees for learning monotone Boolean formulae.
Learning with concept drift due to hidden context has for instance been investigated in [10,11]. The setting is diﬀerent from ours in that once a concept
is learned, it can become invalid only after a certain interval of time. To the
best of our knowledge, learning monotone concepts with hidden context that
can change at arbitrary points in time has not been investigated.

6

Conclusions

The question whether a learning task is feasible with a given budget is an important problem in real world machine learning applications. Recent learning
theoretical work has concentrated on performance guarantees that depend on
the complexity of the target function or at least on strong assumptions about
the target function. In this paper we proposed performance guarantees that only
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make natural assumptions about the target concept and that otherwise depend
just on properties of the unlabelled training and test data. This is in contrast to
related work on learning small cuts in undirected graphs where usually the size
of the concept cut is taken as a (concept-dependent) learning parameter.
Concepts on digraphs, which are a natural model, e.g., for technical processes,
are typically monotonic. In this paper we proposed the size of the minimum path
cover as a performance parameter for learning directed cuts (i.e., monotone concepts on digraphs). On the one hand, this parameter can eﬃciently be computed
from unlabelled training and test data only; and is, on the other hand, suﬃciently
powerful to make directed cuts ﬁxed parameter learnable in the active, online,
as well as PAC learning frameworks.
In many real world learning problems, an additional challenge is often that the
concept that a learning algorithm tries to identify changes depending on some
hidden context. We hence extended the usual query learning model to include a
hidden context that can change at any time and explored learnability with a more
powerful query model. In particular, we show that to enable learnability despite
a changing concept, it is necessary (and suﬃcient) that the learning algorithm
can query three diﬀerent vertices at a time where it is ensured that the answers
will be provided on the basis of the same concept. While, in this paper, we
concentrated on learning on directed graphs, we believe that this setting can
also have signiﬁcant impact in other domains where some relevant variables are
unobservable. We will study such domains as part of our future work.
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