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I. Motivations

> Various notions of syzygy

> Computation of syzygies

Il. Reduction operators

> Linear algebra, syzygies and useless reductions
> Reduction operators and labelled reductions

I1l. Lattice description of syzygies

> Lattice structure of reduction operators
> Construction of a basis of syzygies

> A lattice criterion for rejecting useless reductions
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Various notions of syzygy

» Consider the following questions:

> Standardisation problems: given two vertices in an abstract rewriting system
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Various notions of syzygy

» Consider the following questions:

> Standardisation problems: given two vertices in an abstract rewriting system

how to choose a "standard" path between them?

> Construction of free resolutions: given an augmented algebra A (X | R) and
AlS] -5 ARl -S> AIX] L A S K — 0,
how to extend the beginning of a resolution of the ground field?
> Detecting useless critical pairs: how to obtain a criterion for rejecting useless critical pairs
during the completion procedure?
» A method for studying these problems:

> compute a generating set for the associated notion of syzygy (two-dimensional cell,
homological syzygy, identity among relations, - - - ).
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» Consider an algebra A presented by (X | R).

> Question: how are the syzygies of (X | R) generated?

> If A is quadratic, a candidate is the Koszul dual A' <X* | RJ‘>.

> Methods from rewriting theory:
> If R is a Grobner basis, the syzygies are spanned by critical pairs of R.
> If R is a not a Grobner basis, apply the completion-reduction procedure:

> Complete R into a Grébner basis R.
> Let S be the set of critical pairs of R.

> Reduce S and R (algebraic Morse theory, homotopical reduction, - - -).

» Our goals:

> Compute syzygies of abstract rewriting systems using the lattice structure of reduction
operators.

> Deduce a lattice criterion for rejecting useless reductions during the completion procedure.
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Reduction operators
[ Jele}

Linear algebra, syzygies and useless reductions

» We consider abstract rewriting systems (V, —) such that V is a vector space and
every reduction is labelled.
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» We consider abstract rewriting systems (V, —) such that V is a vector space and
every reduction is labelled.

> e.g., V is spanned by the letters {a, b, ¢, d, e} submitted to the reductions

22N
N4

C—>

INRIA Lille - Nord Europe, équipe GAIA Syzygies among reduction operators



Reduction operators
[ Jele}

Linear algebra, syzygies and useless reductions

» We consider abstract rewriting systems (V, —) such that V is a vector space and
every reduction is labelled.

> e.g., V is spanned by the letters {a, b, ¢, d, e} submitted to the reductions

22N
N4

C—>

> The reductions C and F are useless!

INRIA Lille - Nord Europe, équipe GAIA Syzygies among reduction operators



Reduction operators
[ Jele}

Linear algebra, syzygies and useless reductions

» We consider abstract rewriting systems (V, —) such that V is a vector space and
every reduction is labelled.

> e.g., V is spanned by the letters {a, b, ¢, d, e} submitted to the reductions

\/

> The reductions C and F are useless!

INRIA Lille - Nord Europe, équipe GAIA Syzygies among reduction operators



Reduction operators
[ Jele}

Linear algebra, syzygies and useless reductions

» We consider abstract rewriting systems (V, —) such that V is a vector space and
every reduction is labelled.

> e.g., V is spanned by the letters {a, b, ¢, d, e} submitted to the reductions

e
A D
c b a
B N
E
d

> The reductions C and F are useless!

INRIA Lille - Nord Europe, équipe GAIA Syzygies among reduction operators



Reduction operators
[ Jele}

Linear algebra, syzygies and useless reductions

» We consider abstract rewriting systems (V, —) such that V is a vector space and
every reduction is labelled.

> e.g., V is spanned by the letters {a, b, ¢, d, e} submitted to the reductions

22N
N4

C—>

> The reductions C and F are useless!

INRIA Lille - Nord Europe, équipe GAIA Syzygies among reduction operators



Reduction operators
[ Jele}

Linear algebra, syzygies and useless reductions

» We consider abstract rewriting systems (V, —) such that V is a vector space and
every reduction is labelled.

> e.g., V is spanned by the letters {a, b, ¢, d, e} submitted to the reductions

22N
N4

C—>

> The reductions C and F are useless!

» How to detect useless reductions using syzygies and linear algebra?
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> The reductions C and F are useless!

» How to detect useless reductions using syzygies and linear algebra?
i. Replace each reduction by the difference between its source and its target.
ii. Introduce a terminating order on labels.
iii. Compute a row echelon basis of the syzygies.
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jii.
Remove the reductions corresponding to leading terms of syzygies.
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Remove the reductions corresponding to leading terms of syzygies.
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Reduction operators and labelled reductions

» We fix V is a vector space equipped with a well-ordered basis (G, <).
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Reduction operators and labelled reductions

» We fix V is a vector space equipped with a well-ordered basis (G, <).

Definition.
> An endomorphism T of V is a reduction operator if
> T is a projector,

> Vg € G, we have either T(g) = gorlt(T(g)) < g
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Reduction operators and labelled reductions

» We fix V is a vector space equipped with a well-ordered basis (G, <).

Definition.
> An endomorphism T of V is a reduction operator if
> T is a projector,

> Vg € G, we have either T(g) = gorlt(T(g)) < g

> The set of reduction operators is denoted by RO (G, <).

Labelled reductions.

Lty
> A reduction operator T induces the labelled reductions v —% T(v).
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Reduction operators and labelled reductions

» We fix V is a vector space equipped with a well-ordered basis (G, <).

Definition.
> An endomorphism T of V is a reduction operator if
> T is a projector,

> Vg € G, we have either T(g) = gorlt(T(g)) < g

> The set of reduction operators is denoted by RO (G, <).

Labelled reductions.

Z v
> A reduction operator T induces the labelled reductions v —% T(v).
> The labels of reductions induced by F = {Ty, -+, T,} C RO(G, <) are ordered by:

briw T ATy = (< j)Vv (i =]AIlt) < lt(v)).
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> An endomorphism T of V is a reduction operator if
> T is a projector,

> Vg € G, we have either T(g) = gorlt(T(g)) < g

> The set of reduction operators is denoted by RO (G, <).

Labelled reductions.
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> A reduction operator T induces the labelled reductions v —% T(v).
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Reduction operators and labelled reductions

» We fix V is a vector space equipped with a well-ordered basis (G, <).

Definition.
> An endomorphism T of V is a reduction operator if
> T is a projector,

> Vg € G, we have either T(g) = gorlt(T(g)) < g

> The set of reduction operators is denoted by RO (G, <).

Labelled reductions.

Z v
> A reduction operator T induces the labelled reductions v —% T(v).
> The labels of reductions induced by F = {Ty, -+, T,} C RO(G, <) are ordered by:

briw T Ly = (i < j) VvV (i =) A lt(u) < lt(v)).

i Jj
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Reduction operators
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Example

>G:{a<b<c<d<e}and

C‘) a

I
A
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Reduction operators
[e]e] J

Example

>G:{a<b<c<d<e}and

e
T1 ‘/ \
IF]
c——b
T
T4 /

d

» We obtain the following order on labels:
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Reduction operators
[e]e] J

Example

>G:{a<b<c<d<e}and

e
‘(Tl e T3
IF]
c——b
T
T4 /

d

» We obtain the following order on labels:

£T1<,e
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Reduction operators
[e]e] J

Example

>G:{a<b<c<d<e}and

e
le.e ‘/\
2
c——b
/

[Tz.c

Ty

d

» We obtain the following order on labels:

ETLe C €T27c
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Reduction operators
[e]e] J

Example

>G:{a<b<c<d<e}and

e
Ty ‘/l\
To.e
c——b a
[Tz N
Ty Ts
d

» We obtain the following order on labels:

ETLe C €T27c C eTz,e
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Reduction operators
[e]e] J

Example

>G:{a<b<c<d<e}and

e
Ty ‘/(&
To.e
b

cC———

[Tz N
Ty Ts

d

a

» We obtain the following order on labels:

ETLe C €T27c C eTz,e C €T37e
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Reduction operators
[e]e] J

Example

>G:{a<b<c<d<e}and

e
Ty ‘/(&
To.e
b

c——
[Tz.c
d Ts

» We obtain the following order on labels:

a

lrie T 1y T frye T lrye T l1y4
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Reduction operators
[e]e] J

Example

>G:{a<b<c<d<e}and

e
Ty ‘/(&
To.e
b

cC———

[Tz.c
d 15.d

d

a

» We obtain the following order on labels:

lrie T flrye T frye T lrze T lryd T f1g0-

Nord Europe, é Syzygies among reduction operators




Lattice description of syzygies

l1l. Lattice description of syzygies
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Lattice description of syzygies
@000

Definition of syzygies

Syzygies.
> The space of syzygies of F = {T1, ---, T,} C RO(G,<) is the kernel of

ker (T1) x -+ X ker(Ty) — V, (vi, -+, Vo) —> vi + -+ + va
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Lattice description of syzygies
@000

Definition of syzygies

Syzygies.
> The space of syzygies of F = {T1, ---, T,} C RO(G,<) is the kernel of

ker (T1) x -+ X ker(Ty) — V, (vi, -+, Vo) —> vi + -+ + va

> The space of syzygies of F is denoted by syz (F).

Example.

C—>

A2
NS
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Lattice description of syzygies
@000

Definition of syzygies

Syzygies.
> The space of syzygies of F = {T1, ---, T,} C RO(G,<) is the kernel of

ker (T1) x -+ X ker(Ty) — V, (vi, -+, Vo) —> vi + -+ + va

> The space of syzygies of F is denoted by syz (F).

Example.

C—>

e
‘\ syz(T1, -+, Ts) = K{si, &2} where
b
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Lattice description of syzygies
@000

Definition of syzygies

Syzygies.
> The space of syzygies of F = {T1, ---, T,} C RO(G,<) is the kernel of

ker (T1) x -+ X ker(Ty) — V, (vi, -+, Vo) —> vi + -+ + va

> The space of syzygies of F is denoted by syz (F).

Example.
e
T . T3 syz (Ti, , Ts) = K{s1, 2} where
2
si = (—(e—c), (e—b)—(c—b), 0, 0, 0)
c——b a
T2
Ty /
d
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Lattice description of syzygies
@000

Definition of syzygies

Syzygies.
> The space of syzygies of F = {T1, ---, T,} C RO(G,<) is the kernel of

ker (T1) x -+ X ker(Ty) — V, (vi, -+, Vo) —> vi + -+ + va

> The space of syzygies of F is denoted by syz (F).

Example.

c—>
s = (e—¢, 0, —(e—a), —(d—c), d—a)

e
syz(Ti, -+, Ts) = K{s1, 2} where
si = (—(e—c), (e—b)—(c—b), 0,0, 0)
b

INRIA Lille - Nord Europe, équipe GAIA Syzygies among reduction operators



Lattice description of syzygies
@000

Definition of syzygies

Syzygies.
> The space of syzygies of F = {T1, ---, T,} C RO(G,<) is the kernel of

ker (T1) x -+ X ker(Ty) — V, (vi, -+, Vo) —> vi + -+ + va

> The space of syzygies of F is denoted by syz (F).

Notation. We denote by uvj, = (0, ---, 0, g — Ti(g), 0, ---, 0).
Example.
e
01y e syz (Ti, , Ts) = K{s1, 2} where
s = (—(e—c), (e=b)—(c—b), 0,0, 0)
c——b

s = (e—¢, 0, —(e—a), —(d—c), d—a)

l1g.,d
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Lattice description of syzygies
@000

Definition of syzygies

Syzygies.
> The space of syzygies of F = {T1, ---, T,} C RO(G,<) is the kernel of

ker (T1) x -+ X ker(Ty) — V, (vi, -+, Vo) —> vi + -+ + va

> The space of syzygies of F is denoted by syz (F).

Notation. We denote by uj;, = (0, ---, 0, g — Ti(g), 0, ---, 0).
Example.
e
01y e syz (Ti, , Ts) = K{s1, 2} where
si = (—(e—c), (e—b)—(c—b), 0, 0, 0)
c——b = e

s = (e—¢, 0, —(e—a), —(d—c), d—a)

l1g.,d
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Lattice description of syzygies
@000

Definition of syzygies

Syzygies.
> The space of syzygies of F = {T1, ---, T,} C RO(G,<) is the kernel of

ker (T1) x -+ X ker(Ty) — V, (vi, -+, Vo) —> vi + -+ + va

> The space of syzygies of F is denoted by syz (F).

Notation. We denote by uj;, = (0, ---, 0, g — Ti(g), 0, ---, 0).
Example.
e
01y e syz(T1, -+, Ts) = K{s1, 2} where
st = (—(e—c), (e=b)=(c—b),0,0,0)
c——b = Ure — U2

52 (e—¢c, 0, —(e—a), —(d—c), d—a)

l1g.,d
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Lattice description of syzygies
@000

Definition of syzygies

Syzygies.
> The space of syzygies of F = {T1, ---, T,} C RO(G,<) is the kernel of

ker (T1) x -+ X ker(Ty) — V, (vi, -+, Vo) —> vi + -+ + va

> The space of syzygies of F is denoted by syz (F).

Notation. We denote by uj;, = (0, ---, 0, g — Ti(g), 0, ---, 0).
Example.
e
01y e syz(T1, -+, Ts) = K{s1, 2} where
si = (—(e—c¢), (e—b)—(c—b), 0, 0, 0)
c——b = Ue — Uzc — Ule

52 (e—¢c, 0, —(e—a), —(d—c), d—a)

l1g.,d
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Lattice description of syzygies
@000

Definition of syzygies

Syzygies.
> The space of syzygies of F = {T1, ---, T,} C RO(G,<) is the kernel of

ker (T1) x -+ X ker(Ty) — V, (vi, -+, Vo) —> vi + -+ + va

> The space of syzygies of F is denoted by syz (F).

Notation. We denote by uj;, = (0, ---, 0, g — Ti(g), 0, ---, 0).
Example.
e
01y e syz(Ti, -+, Ts) = K{s1, 2} where
si = (—(e—c), (e—b)—(c—b), 0, 0, 0)
c———b = e — U2c — Ule
s = (e—¢, 0, —(e—a), —(d—c), d—a)
l1g.d = Us,d — Uad — U3e + Uie

INRIA Lille - Nord Europe, équipe GAIA Syzygies among reduction operators



Lattice description of syzygies
0e00

Lattice structure on RO (G, <) and syzygies

Lattice structure on RO (G, <).
> The map RO (G, <) — Subspaces(V), T +—— ker(T) is a bijection.
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Lattice description of syzygies
0e00

Lattice structure on RO (G, <) and syzygies

Lattice structure on RO (G, <).
> The map RO (G, <) — Subspaces(V), T +—— ker(T) is a bijection.
> RO (G, <) admits a lattice structure where:
> T1 <X Tyif ker(Tz) C ker(Ty),
> T1 ATy = ker~!(ker(T1) + ker(T2)),
> T1V Ta = ker™!(ker(T1) N ker(T2)).
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Lattice description of syzygies
0e00

Lattice structure on RO (G, <) and syzygies

Lattice structure on RO (G, <).
> The map RO (G, <) — Subspaces(V), T +—— ker(T) is a bijection.
> RO (G, <) admits a lattice structure where:
> T1 <X Tyif ker(Tz) C ker(Ty),
> T1 ATy = ker~!(ker(T1) + ker(T2)),
> T1V Ta = ker™!(ker(T1) N ker(T2)).

Proposition i. Let P = (T, T') C RO(G,<). We have a linear isomorphism

ker(T\/ T') — syz(P).
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Lattice description of syzygies
0e00

Lattice structure on RO (G, <) and syzygies

Lattice structure on RO (G, <).
> The map RO (G, <) — Subspaces(V), T +—— ker(T) is a bijection.
> RO (G, <) admits a lattice structure where:
> T1 <X Tyif ker(Tz) C ker(Ty),
> T1 ATy = ker~!(ker(T1) + ker(T2)),
> T1V Ta = ker™!(ker(T1) N ker(T2)).

Proposition i. Let P = (T, T') C RO(G,<). We have a linear isomorphism

ker(T\/ T') — syz(P), v — (—v, v).
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Lattice description of syzygies
0e00

Lattice structure on RO (G, <) and syzygies

Lattice structure on RO (G, <).
> The map RO (G, <) — Subspaces(V), T +—— ker(T) is a bijection.
> RO (G, <) admits a lattice structure where:
> T1 <X Tyif ker(Tz) C ker(Ty),
> T1 ATy = ker~!(ker(T1) + ker(T2)),
> T1V Ta = ker™!(ker(T1) N ker(T2)).

Proposition i. Let P = (T, T') C RO(G,<). We have a linear isomorphism

ker(T\/ T') — syz(P).

Proposition ii. Let F = {T1, ---, T,} C RO(G,<). For every integer2 < | < n,
we have a short exact sequence

0—syz(Tu, -+, Tii1) = syz(Tu, -+, T;) —»syz(TiA---ATii1, T;) — 0.
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Lattice description of syzygies
[e]e] ]o)

Construction of a basis of syz (F)

» How to construct a basis of syz (F)?
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Lattice description of syzygies
[e]e] ]o)

Construction of a basis of syz (F)

» How to construct a basis of syz (F)?
> We have syz(T1, T2) C syz(Ti, Tz, T3) C .-+ C syz(Ty, ---, Tp).
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Lattice description of syzygies
[e]e] ]o)

Construction of a basis of syz (F)

» How to construct a basis of syz (F)?
> We have syz(T1, T2) C syz(Ti, Tz, T3) C .-+ C syz(Ty, ---, Tp).

> Main step: construct a supplement of syz(Ty, -+, Ti—1) in syz(T1, ---, T;).
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Lattice description of syzygies
[e]e] ]o)

Construction of a basis of syz (F)

» How to construct a basis of syz (F)?
> We have syz(T1, T2) C syz(Ti, Tz, T3) C .-+ C syz(Ty, ---, Tp).
> Main step: construct a supplement of syz(Ty, -+, Ti—1) in syz(T1, ---, T;).

> This supplement is constructed using the isomorphism
syz(Ty -+, Ti)/syz(T1, -+, Ti—1) =~ ker((TaA---ATiZ1) V).
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Lattice description of syzygies
[e]e] ]o)

Construction of a basis of syz (F)

» How to construct a basis of syz (F)?
> We have syz(T1, T2) C syz(Ti, Tz, T3) C .-+ C syz(Ty, ---, Tp).
> Main step: construct a supplement of syz(Ty, -+, Ti—1) in syz(T1, ---, T;).

> This supplement is constructed using the isomorphism
syz(Ty -+, Ti)/syz(T1, -+, Ti—1) =~ ker((TaA---ATiZ1) V).

A2
NS

Example.

C—>
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Lattice description of syzygies
[e]e] ]o)

Construction of a basis of syz (F)

» How to construct a basis of syz (F)?
> We have syz (T1, T2) C syz(Ti, T2, T3) C -+ C syz(Tq, -+, Tp).
> Main step: construct a supplement of syz(Ty, ---, Ti—1) insyz(Ty, ---, T;).
> This supplement is constructed using the isomorphism

syz(Ty -+, T;)/syz(T1, -+, Ti—1) =~ ker((Ti1 A---ATiz1) V T;).

Example. Step 1. We have ker(T1 V T2) = K{e — c}.

A2
NS

C—>
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Lattice description of syzygies
[e]e] ]o)

Construction of a basis of syz (F)

» How to construct a basis of syz (F)?
> We have syz(T1, T2) C syz(Ti, T2, T3) C -+ C syz(T1, ---, Th).
> Main step: construct a supplement of syz(Ty, ---, Ti—1) insyz(Ty, ---, T;).

> This supplement is constructed using the isomorphism

syz(Ty -+, T;)/syz(T1, -+, Ti—1) =~ ker((Ti1 A---ATiz1) V T;).
Example. Step 1. We have ker(T1 V T2) = K{e — c}.
>e —c=e — Ti(e).

C—> a

I
e
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Lattice description of syzygies
[e]e] ]o)

Construction of a basis of syz (F)

» How to construct a basis of syz (F)?
> We have syz(T1, T2) C syz(Ti, T2, T3) C -+ C syz(T1, ---, Th).
> Main step: construct a supplement of syz(Ty, ---, Ti—1) insyz(Ty, ---, T;).

> This supplement is constructed using the isomorphism

syz(Ty -+, Ti)/syz(T1, -+, Ti—1) =~ ker((Ti A---ATiZ1)V T;).
Example. Step 1. We have ker(T1 V T2) = K{e — c}.
. >e —c=e — Ti(e).
J\ be—c= (e — Ta(e) — (c — Ta(c)).
c—>b a
T /
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Lattice description of syzygies
[e]e] ]o)

Construction of a basis of syz (F)

» How to construct a basis of syz (F)?
> We have syz(T1, T2) C syz(Ti, T2, T3) C -+ C syz(T1, ---, Th).
> Main step: construct a supplement of syz(Ty, ---, Ti—1) insyz(Ty, ---, T;).

> This supplement is constructed using the isomorphism

syz(Ty -+, T;)/syz(T1, -+, Ti—1) =~ ker((Ti1 A---ATiz1) V T;).
Example. Step 1. We have ker(T1 V T2) = K{e — c}.
. >e —c=e — Ti(e).
>e —c = (e — Tae)) — (¢ — Tac)).
> We get the first basis element:
c —> b a
S1 = We
Ts
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Lattice description of syzygies
[e]e] ]o)

Construction of a basis of syz (F)

» How to construct a basis of syz (F)?
> We have syz(T1, T2) C syz(Ti, T2, T3) C -+ C syz(T1, ---, Th).
> Main step: construct a supplement of syz(Ty, ---, Ti—1) insyz(Ty, ---, T;).

> This supplement is constructed using the isomorphism

syz(Ty -+, T;)/syz(T1, -+, Ti—1) =~ ker((Ti1 A---ATiz1) V T;).
Example. Step 1. We have ker(T1 V T2) = K{e — c}.
. >e —c=e — Ti(e).
>e —c = (e — Tae)) — (c — Tc)).
> We get the first basis element:
c —> b a
S1 = Uze — U2
T4
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Lattice description of syzygies
[e]e] ]o)

Construction of a basis of syz (F)

» How to construct a basis of syz (F)?
> We have syz(T1, T2) C syz(Ti, T2, T3) C -+ C syz(T1, ---, Th).
> Main step: construct a supplement of syz(Ty, ---, Ti—1) insyz(Ty, ---, T;).

> This supplement is constructed using the isomorphism

syz(Ty -+, T;)/syz(T1, -+, Ti—1) =~ ker((Ti1 A---ATiz1) V T;).

Example. Step 1. We have ker(T1 V T2) = K{e — c}.
R >e —c = e — Ti(e).
>e —c = (e — Tae)) — (c — Tx(c)).
> We get the first basis element:
c —> b a
S1 = Uz2e — U2c — Ulc.
T4
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Lattice description of syzygies
[e]e] ]o)

Construction of a basis of syz (F)

» How to construct a basis of syz (F)?
> We have syz(T1, T2) C syz(Ti, To, T3) C --- C syz(T1, -+, Tn).
> Main step: construct a supplement of syz(T1, ---, Ti—1) in syz(Ty, ---, T;).
> This supplement is constructed using the isomorphism

syz(Ty -+, Ti)/syz(Ty, -+, Ti—1) ~ ker((Ta A+~ ATi—1) V T;).

Example. Step 2. We have ker ((T1 A T2) vV T3) = {0}.

A2
NS

C—>
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Lattice description of syzygies
[e]e] ]o)

Construction of a basis of syz (F)

» How to construct a basis of syz (F)?
> We have syz(T1, T2) C syz(Ti, To, T3) C --- C syz(T1, -+, Tn).
> Main step: construct a supplement of syz(T1, ---, Ti—1) in syz(Ty, ---, T;).
> This supplement is constructed using the isomorphism

syz(Ty -+, Ti)/syz(Ty, -+, Ti—1) ~ ker((Ta A+~ ATi—1) V T;).

Example. Step 2. We have ker ((T1 A T2) vV T3) = {0}.

I
s

> No new basis element!

C—> a
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Lattice description of syzygies
[e]e] ]o)

Construction of a basis of syz (F)

» How to construct a basis of syz (F)?
> We have syz(T1, T2) C syz(Ti, To, T3) C --- C syz(T1, -+, Tn).
> Main step: construct a supplement of syz(T1, ---, Ti—1) in syz(Ty, ---, T;).
> This supplement is constructed using the isomorphism

syz(Ty -+, Ti)/syz(Ty, -+, Ti—1) ~ ker((Ta A+~ ATi—1) V T;).

Example. Step 3. ker((Te1 A T2 AT3)V T.) = {0}

I
s

> No new basis element!

C—> a
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Lattice description of syzygies
[e]e] ]o)

Construction of a basis of syz (F)

» How to construct a basis of syz (F)?

> We have syz(T1, T2) C syz(Ti, To, T3) C -+ C syz(T1, -+, Tn).
> Main step: construct a supplement of syz(Ty, ---, Ti—1) in syz(Ty, ---, T;).
> This supplement is constructed using the isomorphism
syz(Ty -+, Ti)/syz(Ty, -+, Ti—1) ~ ker((Ta A+~ ATi—1) V).
Example. Step 4. We have
ker((T1 A\ T2 A T3 A T4) Vv Ts) = K{d — a}.
c —)

S = Usd — Usd — U3le + Ulpe.

> d—a = (d— Ta(d))+(e — T3(e))—(e — Ti(e)).
>d—a = d— Ts(d).
b > We get the second basis element:
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Lattice description of syzygies
[e]e]e] )

A lattice criterion for rejecting useless reductions

The criterion. Let F = {T1, ---, T,} C RO(G,<).
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Lattice description of syzygies
[e]e]e] )

A lattice criterion for rejecting useless reductions

The criterion. Let F = {T1, ---, T,} C RO(G,<).

> The useless reductions are labelled by leading terms of syzygies.
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Lattice description of syzygies
[e]e]e] )

A lattice criterion for rejecting useless reductions

The criterion. Let F = {T1, ---, T,} C RO(G,<).
> The useless reductions are labelled by leading terms of syzygies.

> These labels are {1, g, where g ¢ im((T1A---ATi—1) V T;).

I
e

Example.

C‘) a
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Lattice description of syzygies
[e]e]e] )

A lattice criterion for rejecting useless reductions

The criterion. Let F = {T1, ---, T,} C RO(G,<).
> The useless reductions are labelled by leading terms of syzygies.

> These labels are {1, g, where g ¢ im((T1A---ATi—1) V T;).

Example.
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A lattice criterion for rejecting useless reductions

Lattice description of syzygies
[e]e]e] )

The criterion. Let F = {T1, ---, T,} C RO(G,<).
> The useless reductions are labelled by leading terms of syzygies.

> These labels are {1, g, where g ¢ im((T1A---ATi—1) V T;).

Example.

We have:

é\ > ker(T1V T2) = K{e — c}.
Ty.e
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A lattice criterion for rejecting useless reductions

Lattice description of syzygies
[e]e]e] )

The criterion. Let F = {T1, ---, T,} C RO(G,<).
> The useless reductions are labelled by leading terms of syzygies.

> These labels are {1, g, where g ¢ im((T1A---ATi—1) V T;).

Example.

We have:

) trye > ker(T1V T2) = K{e — c}.
e > T1V Ta(e) = c.
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A lattice criterion for rejecting useless reductions

Lattice description of syzygies
[e]e]e] )

The criterion. Let F = {T1, ---, T,} C RO(G,<).
> The useless reductions are labelled by leading terms of syzygies.

> These labels are {1, g, where g ¢ im((T1A---ATi—1) V T;).

Example.
e We have:
trye trye > ker(T1V T2) = K{e — c}.
> T1V Ta(e) = c.
c 44> b a > The labelled reduction (1, , is useless.
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