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MOTIVATION KERNEL RIDGE LEVERAGE SCORES (RLS) SAMPLING FOR KRR

» Kernel regression is versatile and accurate
» Strong accuracy guarantees but poor scalability Definition 1. Given a kernel matriz K,, € R"*", define

O(n?) time O(n?) space (n number of samples) ~v-ridge leverage score Tin(Y) = kZTn(Kn + L) tein (1)

> 4

. . . ) . . eff. dim. dgg < . . . n —
= SC:;;:Z;ehmltittlog(.:C I\/I;:;/ approximate schemes are either not ‘ effective dimension deg(V)n = Zi_l Tin(y) = Tr (Kn(Kn +~1,) 1) (2)
or m ur =
. . . ran 0 . . . . Ts T
= We propose an incremental approximation scheme for kernel < ; sampling distribution Pnli = Din = S 7’”(7)( ) = - 7’(”) (3)
regression with complexity and error guarantees depending on ; j=1Tin\7 eff\))n
the kernel structure dimension d

Intuitively: 7, ,, sensitivity of prediction on point x;
— /y\z’,n — eT(ann) — e;rKn(Kn + ,LLI)_l}’n

(

Proposition 1 (Alaoui, Mahoney, 2015). Let € be the accuracy, 6 the
KERNEL RIDGE REGRESSION (KRR) %

confidence. If the reqularized Nystrom approrimation K,, is computed

. . . ng the sampling distribution {p; +}, and at least r : : : : \
The setting (fixed-design) e Prng i} Pros: -+ m scales with the effective dimension
» Dataset D = {x4,y: } . 2d o /() oo (™ + the risk for vTrn. Is almost the same as
. m = 2 % \5 for the exact solution
— arbitrary x; € X € g )
— yr = [T (xt) + e columns, then with probability 1 — 6 ( Cons. ~COmputing 7; (1) is as difficult as solving \
. " the original probl
» Kernel function £ : X x X - R _ y v 1 2 iorlglrlla bplro = db d

0 j K'n, . K'n, j In; R({ifn) S (1 4+ L ) R(W’n) - the Pronanpil Ities nee e.recomplIte at

» Kernel matrix K; € R, with [K;]; ; = K(x;,%;),7,7 <t l—¢ pl—e i any new sample (=multipass) )

Kernel regression

> Objective (after £ samples) INCREMENTAL ESTIMATES OF RLS AND EFFECTIVE DIMENSION
W, = argmin |y, — K,wl)® + p[wl]” - _ e . .
w For any column ¢ in Z; and k;,; compute the ridge leverage | Compute the effective dimension estimator deg(7)r11 = desr(7): + @y

» Closed-form solution score estimator (o = %:2) with
- Wi = (Ko + D)7y 1 _ 1 X (kt“ — ki1 " (Ke + D)™ ke — (1_46)27Et+1T (K¢ + ’YI)_ZEH)
> On-sample risk Tit+1 = o (k” — K 1 (Kig1 + o) ki,t+1) T ki1 + v — Ker1 T (Ke 4+ o) kygn
R(Wi) = By [[|f; — KW ||] B —— » | ~ . L |
Tit+1 = €; K¢ (K¢ +~7I)~"e; would fail » der(V)i41 =D ., Tit+1 requires 7; 441 for ¢ ¢ Z, (not accurate)

Tit+1 is computed only for columns stored in Z; (accurate) |p A, captures the interaction between the new and past samples

NYSTROM APPROXIMATION

Subsampling
1 Select a subset (dictionary) Z,, of mu representative samples

2 Constructs a sparse matrix S,, to select and reweight the columns
associated with the points in Z,,

Ti,t+1 can be computed in a space/time efficient way > A, requires approximating “second order” terms for which first order
reconstruction guarantees (0 < K; — K; =< 1%81) are not enough

v v vy

« trades off accuracy of the estimator and space/time cost

Lemma 1. Let € be the accuracy and p = Mnax(K,) /v a soft condition number.
If after t samples K; is such that 0 < K; — K; =< %_61, then for a = ?:z and
2
T, = (7.8.2.4) B = (%:i) (14 p), the estimators satisfy for any © € {Z, Ut + 1}
Sampling dist. p S
1 B -
ETi,t+1(7) STt <171 (y),  1-deg(V)e1 < de(Wegr < Begg(V)i+1-
C L e
K, S, K,S, and the estimated probabilities satisfy
1 _
a_pz’,tJrl <Pit+1 <1-p;tq1
n x n = ki1 = K(Xtt1, Xe41)

INK-ESTIMATE

. . INK-ESTIMATE Theorem 1. Let € be the desired accuracy and p = Aax (K,,) /v
Low-Rank ApprO).amation . 1 ~T Input: Dataset D, regularization v, sampling budget g a soft condition number. If INK-ESTIMATE s run with
3 Compute approximate, low-rank matrix K,, = CW—"C' as Output: K,,. S
R ~ _ _ 28aBd o (7)) At
~ AT T —1aT 1: Initialize Zp as empty, p1o = 1,b10 = 1, budget g = eff 1 i
Kn = CW ™ ' C' = Knsn (SnKnSn + FyIm) SnKn > for t — O, om— 1 do q = 52 0g ) ?
3:  Receive new column k¢y1 and scalar kiy1 N
—1 4. Compute approximate leverage scores {Ti,141 : 1 € TtU{t+1}} then the approzimate kernel solution wy satisfies
5.  Compute approximate effective dimension deg(7y)t+1 1 2
+ 6: Set pitr1 = min{7; 1+1/des(V)t+1, it} R(w,) < (1 + i 7 ) R(w,)
7. Zi+1,bir1 = SHRINK-EXPAND(Z;, pt+1, bt, Q) |l —c
w—L = (s KpSp +~1m) 71 cl=s'k, j EomPUte IS€+1 us'?g IStH and weights /b1 and INK-ESTIMATE runs in at most
; ompute K1 using S¢ir1 ~
10: end for O(ng) < O(npdeﬁ('Y)n) Space,
11: Return K,, and S, O(n2§2 4 nﬁg) < (9(n2p2deﬁ(’7)i) time
C =K,S,
Efficient Solution SHRINK-EXPAND (Pachocki, 2016) Lemma 2. For any kernel matriz K, at time t,
4 Compute approximate solution Input: T, {(Piet1,bit) 15 € Lt }, Pratitts G Pt+1 and its bordering K1 at time t + 1,
i N 1 . ] o Ou.tput: Iirl, thfe set”of all colbumns Wlt_h bity1 £ 0 Titel oo Titn
w, = (K, + pI) ty, = = (yn ~C(C'C+uwW) C yn> i bigt1 = big for all i € [t], bi1,e41 =1 g = Pit+1 = Pit =
M 2: forallie{1,...,t} : b, # 0 do >SHRINK efft+1 elft
3: while bi,t_|_1ﬁ,;,t_|_1 < 1/6 do i i i i ? ? i
Scalability now depends on m 4: Sample a random Bernoulli B (bibi’f_iril) @ @@@@ @ " Pros: \
5: On success set bz t+1 — bz t+1 -+ 1 @ @ @@ 5 5 _,l_ Accurac d /t t
| . . 5 3 , , ), (e)s) y and space/time guarantees
Space: @y = O(nm), Time: & = O(nm* + m>) 6. On failure set b; 4.1 — 0, break @ @@ e ) -
2. end while < O n the worst case, only y/n space overhea
Problems: s- end for @ (o (wrt exact method)
? How to choose the sampling distribution? - wih ~ - @ @ @ _ _
> How 10 ch ; piing 9: while byy1,¢11pi11,641 < 1/q do b >EXPAND @ 4 Anytime risk guarantees
Y How to choose m! 10:  Sample a random Bernoulli B (bt—i_li_lt_i—l'_—ll-l) @ \ )
R 11: 8n ?u.Tcess setbbt+1,t+1 :Obt[_)i_l,t—ll;l +1 @ G )
12: t = 0, é | | | | : .. :
EFEREAU 13- end th?eure DA h e —— - The time complexity is not fully satisfactory
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